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Abstract. We derive a number of summation and transformation formulas for elliptic hypergeo- 
metric series on the root systems An, Cn and D„. In the special cases of classical and g-series, 
our approach leads to new elementary proofs of the corresponding identities. 



1. Introduction 

The study of hypergeometric series has, since the days of Gauss, been an active 
field of research with an increasing number of apphcations. In a wide sense, this field 
includes a large number of different extensions of Gauss's hypergeometric series, such 
as the basic hypergeometric series or g-series first studied by Cauchy and Heine ||GR]| . 



During the last 20 years, g-series have, for good reasons, been enormously popular. 
Apart from the intrinsic beauty of the subject, the main reasons seem to be, on the 
one hand, applications of such series in number theory and combinatorics, on the 
other hand, their relation to various integrable models in mathematical physics and 
to the related algebraic structures known as quantum groups. 

Recently, a new natural extension of hypergeometric series was introduced, namely, 
the elliptic or modular hypergeometric series of Frenkel and Turaev ||FT]] . Subsequent 
papers on this topic include |PS1| , PS3| , |RT| , [S2t The motivation came 



from statistical mechanics; more precisely, they may be used to express elliptic 6j- 
symbols, which are elliptic solutions of the Yang-Baxter equation found by Date et 
al. |pj|| . Moreover, elliptic hypergeometric series are intimately connected to Ruij- 



senaars's elliptic gamma function ||Ru|] , cf. also |[I''V|| , which also arose in connection 



with integrable systems. Integrable models involving elliptic functions and the related 
elliptic quantum groups |F| are of great current interest. It is likely that their relations 
to elliptic hypergeometric series go far beyond what is presently known. 

From a mathematical point of view, elliptic hypergeometric series are very natural 
objects. Recall that a series cifc is called hypergeometric if f{k) = ak+i/ak is 
a rational function of k, and a g-series if / is a rational function of for a fixed 
q. This may be compared with Weierstrass's theorem, stating that a meromorphic 
function in z satisfying an algebraic addition theorem is either rational, rational in 
q^ (we may then write q = e^^ and call the function trigonometric) or an elliptic 
function. Elliptic hypergeometric series form the top level of the hierarchy "rational 
— trigonometric — elliptic" within the framework of hypergeometric series. Namely, 
for elliptic hypergeometric series the term ratio / is an elliptic function. (It may seem 
natural to, more generally, allow / to be doubly quasi-periodic, but it appears that 
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in interesting cases it is not only elliptic but also has modular invariance; cf. ||S2|| for 
a detailed discussion.) 

Another natural extension of hypergeometric series is known as hypergeometric 
series on root systems. Loosely speaking, these are multivariable series such that the 
Weyl denominator of a classical root system is responsible for the coupling of the 
summation indices. During the last 25 years, this type of series (classical and q-) has 
been studied intensively by Gustafson, Milne and many other researchers. The theory 
has found many applications, such as to plane partitions |peK| , ^ and to representa- 
tion of integers as sums of squares | [[V15|| . Hypergeometric series on root systems are 
also closely related to Macdonald polynomials and other multivariable orthogonal 
polynomials [0 pT] , [K1N| , |Ri| , [5t[] and to Selberg-type integrals and Macdonald- 



Morris-type constant term identities for root systems [0, |G3| , G4, G5, Ml]. (The 



cited references are a very small number of representative papers from a large and 
growing hterature.) 

Hypergeometric series on root systems first appeared (in the case of the root sys- 
tem An) in the work of Biedenharn, Holman and Louck |[HBL|] , where they were 



used to express multiplicity-free 6j-symbols of the group SU(n). Thus, both elliptic 
hypergeometric series and hypergeometric series on root systems were motivated by 
mathematical physics, and even more precisely by different extensions of Racah's 
expression for the classical 6j-symbol as a 4-F3 hypergeometric sum. 

The subject of the present work is the natural unification of these two fields: elliptic 
hypergeometric series on root systems. 

It should be pointed out that creating a theory of elliptic hypergeometric series 
on root systems is not merely a matter of plugging an extra parameter into existing 
works. The reason is that the theory of (one- and multivariable) hypergeometric 
series is usually built up as a ladder. That is, one starts with the simplest results 
such as the binomial theorem and Gauss's 2F1 sum, and use these to successively 
build more complicated identities. A natural culmination point is given by Jackson's 
gVTy summation and Bailey's loWg transformation (or their multivariable analogues). 
This is a natural approach which follows the historical development, but it is doomed 
to fail for elliptic hypergeometric series (which is surely one reason why it took 
so long before these were discovered). The problem is that, for all known elliptic 
hypergeometric series identities, the simplest non-trivial case is the addition formula 

e{x + z) e{x - z) e{y + w) e{y - w) 

^^'^^ = 0{x + y) 6{x - y) 9{z + w) e{z - w) + 9{x + w) 9{x - w) e{y + z) 9{y - z) 

for a suitably defined theta function 6 (this is not an addition theorem in the sense 
of Weierstrass) . In our figurative ladder, the lower steps correspond to lower level 
addition formulas such as 

sin(a; + z) sin(a; — z) = sin(x + y) sin(x — y) + sin(?/ + z) sin(?/ — z), 

which do not admit elliptic analogues. This means that the theory of elliptic hyper- 
geometric series looks like a ladder with all but the top rungs missing. Thus, instead 
of climbing the ladder one must find a way to start at the top. This may be viewed 
as additional motivation for studying elliptic hypergeometric series, since such an 
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alternative approach should add something to our understanding also of the rational 
and trigonometric levels. 

The present paper is not the first to deal with elliptic hypergeometric series on root 
systems. In Warnaar proved one multivariable elliptic analogue of Jackson's gWr 
summation formula (cf. (|7. 1| ) below) and conjectured another one. We will refer to 
these as Warnaar's first and second summation. Van Diejen and Spiridonov | pSl| 
found that the second summation may be derived from a certain conjectured elliptic 
Selberg integral. In ||R1|| , we gave an inductive proof of Warnaar's second summation, 



using a very special case of his first summation in the inductive step. It should be 
said that although both Warnaar sums live on root systems (to be precise, on C„), 
they are somewhat different in nature from those going back to the seminal paper 



HBL|| . In the terminology of ||DS3|| , the first sum is of "Schlosser-type" and the 
second one of "Aomoto-Ito-Macdonald-type" , as opposed to the Gustafson-Milne- 
type series which are our main concern here. In the latter direction, van Diejen 
and Spiridonov [ DS3 | stated a third elliptic C„ analogue of Jackson's summation 
formula (cf. Theorem [7. 1| below) , which in the trigonometric case is due independently 
to Denis and Gustafson |PG|| and to Milne and Lilly ||ML|| . However, the identity 
was only proved under the condition that a certain Selberg-type integral evaluation 
conjectured in |PS2|| holds. 

The purpose of the present paper is to give elliptic analogues of a a number of 
known identities for Gustafson-Milne-type series on the root systems A^, Cn and 
We have focused on deriving some of the most fundamental and important identities 
— analogues of Jackson's ^W-j summation and Bailey's loW^g transformation, although 
it seems likely that more identities (for instance, quadratic and bibasic summation 
formulas) may be derived by our methods. In the one-variable case, our identities 
reduce to either the elliptic Jackson summation or the elliptic Bailey transformation 
of Frenkel and Turaev fl*''!!] . 

To obtain elliptic Jackson summations on the root systems An and Dn we use 
an inductive method similar to our proof of Warnaar's second summation in | [R1| . 
Instead of applying Warnaar's first summation in the induction step, we use elliptic 
analogues of elementary partial fraction expansions. In our opinion, the resulting 
proofs are simpler than those previously known for classical and g-series, even for 
very degenerate cases of the identities. For the root system C„, we cannot use this 
approach. Instead, we observe that the elliptic C„ Jackson summation we want to 
prove (the same one that was conjectured in |PS3|| ) may be obtained, in a rather 
non-obvious way, as a special case of Warnaar's first summation. This gives an 
unexpected link with hypergeometric series connected with determinant evaluations 
(the Schlosser-type series alluded to above). 

The plan of the paper is as follows. In Section 2, we give a first illustration of 
our new approach to A^ and Dn series, by showing how it works in a simple case, 
Milne's An analogue of the terminating qW^ summation. Sections 3 and 4 contain 
notation and preliminaries for theta functions and elliptic hypergeometric series. Our 
main results are contained in Sections 5, 6 and 7, where we derive elliptic Jackson 
summations on the root systems An, Dn and C„, respectively. In Section 8 we apply 
these summations to derive a number of elliptic Bailey transformations on these root 
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systems. Since the step from gWy sums to loWg transformations works exactly as 
in the rational and trigonometric case, we do not provide much details in this final 
section. 

Remark and acknowledgement: While I was finishing this paper, Vyacheslav 
Spiridonov informed me that he has independently conjectured the summation for- 
mulas given here as Corollary [5.3| and Corollary |6.3| and, more importantly, verified 
that both sides are Jacobi modular forms in the sense of |[EZ]| . This is another strong 



indication that these identities are "natural" . I would like to thank Prof. Spiridonov 
for this information, as well as for providing me with copies of the papers 

2. Milne's fundamental theorem 

To illustrate our method, we start with one of the simplest identities for hyper- 
geometric series on root systems, Milne's fundamental theorem of U(n) series. In 
this section only we use the notation 

(2.1) (a)fc = (1 - a)(l - ag) ■ ■ ■ (1 - aq'-'), 

where g is a fixed parameter suppressed from the notation. We also write, again in 
this section only, 

i<j<fc<?i 

for the Vandermonde determinant, which is the Weyl denominator for the root system 
An. Basic hypergeometric series on An contain the factor 

Ajzqy) ^ -|-|- zjqy^ - Zkqy^ 

Aiz) Zj — Zk ' 

where the Zj are fixed parameters and the Uj summation indices. 
We can now state Milne's fundamental theorem: 

yi,...,y„>0 ^ ' j,k=l ^'y^ ^^'^^ 

yi+-+yn=N 

When n = 2 this is Rogers's terminating qW^ summation formula |pR| , Equation 
(11.20)]. On the other hand, multiplying (|2.2| ) with and then summing over non- 
negative integers N gives an extension of Cauchy's g-binomial theorem | |GK| , Equation 



(II. 3)]. So one may also view (|2.2|) as a refined multivariable g-binomial theorem. 



The identity ( p.2| ) was first obtained in |[M1|| , where it was used to derive the 



Macdonald identities for the affine Lie algebra An'' ■ In Milne's approach to hyper- 



geometric series on A^ or U(?t,) (cf. ||M4|| for a recent survey), ( p.2| ) is the starting 
point from which all other results are built; this motivates the name "fundamental 
theorem of U(n) series" | |B1[ |. By contrast, in the present approach ( ^.2[) appears as a 
degenerate case of the elliptic Jackson summation given in Theorem |5.1| below, which 
we will prove by precisely the same method. We only give (|2.2| ) a separate treatment 
in order to illustrate our method in the simplest possible situation. 
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Milne's proof of ( p.2|) is based on showing that both sides satisfy the same difference 
equation in the variables and z^. An important tool is an identity which we write 
here as 

(throughout the paper we tacitly assume that all expressions are well-defined, in this 
case that the aj are different and non-zero). Our proof is also based on ( |2.3|) , but 
instead of difference operators we use a simple inductive argument. 

The easiest way to prove ( p.3|) is to rewrite it as a partial fraction expansion, 
replacing a^-, 6j, by aj — t, bj — t: 



The proof is then easy: the existence of the expansion is immediate by induction on 
n, and to compute the coefficients one may multiply with — t and plug in t = a^. 
This is taught at Swedish technical universities under the name "handpalaggning" 
(laying on hands) ||PB|j . 

We prove ( |2.2| ) by induction on N, starting with N = 1. In that case we have 
Hi = Sik for some k. Using k as summation index, the left-hand side of (pl^) may be 
rewritten and summed using ( |2.3| ): 

-TT % - qzk tV Zj - a-jZk _ Qi • • • Qn 'sp n"=i(^j/S ~ ^k) _ 1 - Qi ■ ■ ■ a„ 
^ l^fc - -qZk l-q Zk Uj^ki^j -Zk) 1 - g 



In fact, we see that the case = 1 of ( p.2| ) is equivalent to ([2] 

Next we assume that ( p.2| ) holds for a fixed value of A^. We may then write the 
right-hand side, with A^ replaced by A^ + 1, as 

_ (Oi ■ ■ ■ an)N+l _ 1 — q^ai ■ • • fln (Qi • • • O'niN 

_ 1 - q^ai ■■■an sr^ A{zqy) -A- {ajZk/zj)y^ 
yi+-+yn=N 

We now split the terms using the case A^ = 1 of (|2.2| ), with replaced by a^g^'-' and 
Zk by Zkq^''. Explicitly, we have 



1 - g^ai ■■■an _ A{zqy+^) ^ {qy^ajZ^/zj) 



1-g ^J^^^^ A(.g.) 11 (,1+..-...,/.^.) 



1 



xi,...,x„>0 

XlH \-Xn = \ 
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which gives 

1-^""^ ..i.o ...i:,o ^(-) ,iv9-^/-.).. (9^-— 

yiH ^yn=N xiH ha:„=l 

1 — (J A(2g^) "■ 

(2.4) = 1 _ „N+i 5Z Afz) n 

^ yi,...,y„>0 j,fc=l 

yi+-+yn=N+l 

n ^ 

xiH |-a:n=l 

where we replaced y hj y — x. 

We will identify the sum in x as a special case of ( |2.3| ). Since Xk G {0, 1}, we have 



{qzk/zj)y^-^^ {qzk/zj)y^ {qzk/zj] 



Vk 



Writing the factor in that form makes the conditions Xk < yk superfluous, since (g 
vanishes if = and Xk = 1- Moreover, if j 7^ A; the factor i^q^+yk-Vj-^k+Xj 
equals 1 unless = 1 and Xj =0, which gives 

n 

(2.6) n = (1 - 9) X{{q"=-'^^k/z,u. 

j,k=l j+k 

We may now compute the sum in x using (|2.3|) : 



Vk^ 



JJXk 



j-n ' y 



,^,.^„>o n,yfc(e 

xiH l-x,i=l 

1 _ ^ 1 



Plugging this into (|2.4| ) gives 

^ A{z) {\ iqzk/zj)y, ' 

J/l,...,J/n>0 ^ ' J,k=l ^ ' 

yi+--+yn=N+l 



which is the left-hand side of (|2.2| ) with N replaced by + 1. This completes our 
proof of Milne's fundamental theorem. 
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3. Notation and preliminaries 
Elliptic liypergeometric series may be built from the theta function 

oo 

e{x) = Y[{i-p^x){i-p'+^/x), bl < 1, 

j=0 

where p is a constant which is fixed throughout the paper. It satisfies the inversion 
formula 

(3.1) e{x) = -xe{i/x), 

the quasi-periodicity 

(3.2) e(px) = --e{x) 

X 

and the "addition formula" 

e{xz) e{x/z) 9{yw) e{y/w) 

^^■^^ = ^ 9{xy) 9{x/y) 9{zw) 9{z/w) + 9{xw) 9{x/w) 9{yz) 9{y/z) 

(cf. [ |GK| , Exercise 2.16 and Exercise 5.21] for proofs within the framework of basic 
hypergeometric series). Equivalently, x ^ q~^^'^9{q^), with q fixed, satisfies (|1.1|) . 
All identities for elliptic hypergeometric series obtained in this paper may be viewed 
as generalizations of ( |1.1| ). 

We define elliptic Pochhammer symbols by 

{a)k = 9{a) 9{aq) ■ ■ ■ 9{aq''~^). 

Note that they depend on two parameters p, q, which will be suppressed from the 
notation. When p = 0, 9{x) = 1 — x and we recover the symbols ( |2.1|) used in the 
previous section. The elliptic symbols satisfy similar elementary identities as in the 
case p = 0, such as 

(3.4) {a)n+k = (a)„(ag")fc, 

(3.5) (a)... = (-1)^=9© (q'-Va)'^^^, 

(3.6) (a)„ = (-l)-g(^)a"(gi-7a)„; 

these will be used repeatedly and usually without comment. We also need the quasi- 
periodicity 

(3.7) (pa)fc = (-l)V®a"'(a)/c, 

which follows from (|3.2| ). 

We introduce the elliptic Vandermonde determinant 

A{z)= H z,9{zk/zj), 

l<j<k<n 

which appears in elliptic hypergeometric series on An, and, together with additional 
double products, in the series on C„ and Dn- 
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The following identity will be useful (cf. ||M3| , Lemma 4.3] for a more general 
identity in the case p = 0): 



(3.8) n ^'"'''^''^ 



To prove this, one may rewrite the double product as 

j^k = l i(l^k/Zj)y, (g)^^ i(lZk/Zj)y,{qZj/Zk)y^ 

which, by (^]6|), equals 



I TT '''^k/zj)y,{q' y^+y^Zk/zj) 

11 y ( 



Y\(-i)y^q{^')-yl 17 , 

ti i<f<k<n iQ^k/z,)y, {q~y^z,/z,)y, 

{"^Vyl „~T.,..yky. TT 

Qiqyk-y.z^lzA) 

l<j<k<n 1^1 ] I 



yk 



A{zqy)' 

Finally, we will often use the shorthand notation 

9{ai, ...,an) = 9{ai) ■ ■ •6'(a„), 
(ai, . . . , an)k = (ai)fc ■ ■ ■ (an)fc- 

4. Elliptic partial fraction expansions 

The starting point for our investigation of elliptic hypergeometric series on will 
be the following elliptic generalization of ( p.3|) : 

which is valid as long as both sides are well-defined. We do not know who first wrote 
down this identity. It is given as an exercise in the classic textbook of Whittaker and 
Watson [ [WW] , p. 451]. 

To see that ( [4.1|) generalizes ( p. 3D , replace n by n + 1 and write a„+i = t. Isolating 
the term with A; = n + 1, ( |4.1| ) may be written as 

(note that one may recover ( |4.1| ) also by letting t = bn+i in (^^)). If we put p = 
and then let t, bn+i with t/bn+i = &i ■ ■ ■ bn/ai ■ ■ ■ an fixed we recover (p.3|). We 
also observe that, by ( p.l| ), ( ^4.2| ) may alternatively be written as 

^ nj^i^K/fe.) _ n?:i^(&.A) , , _ 
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A simple proof of ( |4.2| ) arises from the interpretation as a generalized partial 
fraction expansion. Namely, for n = 2, ( [4.2| ) is equivalent to the addition formula 
(p.3|). It then follows immediately by induction on n that there exists an expansion 



.X n"=i^(^/^j) _ ejakbi - ■ - bn/ai - ■ - ant) 

where the coefficients are easily computed using "handpalaggning" . That is, if one 
multiplies ( [4 .41) with 6{t/ak) = —9{ak/t)t/ak and let t = one obtains 



6{bi ■■ - bn/ai- - -an) Hj^fc ^(«fc/aj) ' 

Plugging this into ( |4.4| ) and writing bn+i = Oi ■ ■ ■ a„t/6i ■ ■ ■ 6„ yields 
For the root system Dn we need in addition to ( |4.1| ) the identity 

A UUO{akb„ak/b,) UUO{tb„t/b,] 

(4.5) ~ 



^ e{tak,t/ak)llj^k^i(^kaj,ak/aj) nj=i ^M) ' 

or, equivalently, 

The earliest occurrence of ( [4.5|) that we have found is as [p2| . Lemma 4.14], where 
an analytic proof is given. Again, the interpretation as a generalized partial fraction 
expansion makes an algebraic proof easy: for n = 2 (|4.5| ) is equivalent to (|3.3| ), the 
existence of such an expansion follows by induction on n and the coefficients may be 
obtained by multiplying with 6{tak,t/ak) and then letting t = a^- 

Finally, we point out some occurrences of the identities ( ^.1| ) and ( |4.6| ) in the 



related literature. In |pS2|| , they are given as Lemma A. 2 and Lemma A.l, and. 



written in the alternative form ( ^.2| ) and ( [4.5D , as Proposition A. 4 and Proposition 
A. 3. Implicitly, ( [4.6| ) also appears in |W[]. Namely, in |W|, Lemma 3.2] a certain 
matrix inversion, say AB = I, is obtained as a special case of a more general result. 
The inverse relation BA = / is easily seen to be equivalent to (|4.6|) . 

5. An elliptic A„ Jackson summation 

The first main result of the paper is the following Jackson-type summation formula 
for an elliptic hypergeometric series on the root system An- When p = we recover 



(with a new, elementary proof) Milne's An Jackson summation [[M2| , Theorem 6.17]. 
To see this, one should rewrite our identity as in Corollary |5]^ below and Milne's 
identity as in |[MN| , Theorem A. 5]. Note also that ( p.2|) may be obtained from the 



case p = of Theorem |5.1| by letting b, an+i — > with b/an+i fixed. 
Theorem 5.1. If b = ai ■ ■ ■ a^+i^i ■ ■ ■ Zn, the following identity holds: 

A{zqy) A IYj=i{(^jZk)yk _ {b/ai, . . . , b/an+i)N 

y,+.^y^=N 1=1 ^^^''^y^ Wj=l{<lZk/ Zj)y^ (g, bZi, bZn)N 

yi,...,y„>0 
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Proof. We will use induction on A^. If = 1, we have i/i = 5ik for some /c; using k 
as summation variable yields the identity 



which is equivalent to ([4.3|) . 

Assume that the theorem holds for a fixed A^, and let 



Imitating the proof of ( p.2|) given above, we rewrite R using the induction hypothesis, 
and then expand each term using the case A^ = 1, h-5> g^''^;^, 6 t— > q^h of the theorem. 
Explicitly, this gives 

^_ \[lt\d{(l^blak) {b/ai,. . . ,b/an+i)N 



n N 



mt\o{<i''h/a,) ^ Ajzqy) n;;i(«.^.).. 



yi,...,y„>0 



2^ Ar^^ 11 



Vk 



yi,...,y„>0 

A('7,^y'i 11 



xi,...,x„>0 

Next we replace y hj y — x in the summation. Since G {0, 1}, we may write 

e{q^+y^-^''hzk) e{q^+y^bzk) 



(qN+Vk-Xkbzk)^^ {q^+y'bzk) 



iq''-'bzkU 



{bzk)y^^^^ ibzk) 



Vk 



It is clear that ( p^) holds also in the elliptic case, and that has the elliptic 

analogue 

n 

n = 0{q)X{{qy^-y^Zulz,)^^. 

j,k=l j^k 
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This gives the expression 



1 ^ ^('?'^+'^&^/c)n;i'(«.^/c) 



(5.1) 

X 



E n 



xi,...,x„>0 



(Formally, we have introduced extra terms corresponding to = 1 and = 0, 
however, these all vanish in view of the factor {q^'-'Zk/ Zj)^^-) The sum in x may be 
rewritten and summed using (|4.3|) as 



y-) f^^e{q^+y>^bz,)U,^,e{qy'^-y^z,/z,) nLi^(?^+^^&^^) ' 

It follows that 

jn+l 



^ Ajzqy) n;ii(a.^fc 



S/l,...,S/„>0 

which completes the proof of the theorem. □ 



For some purposes it is convenient to rewrite Theorem |5.1| in a way that hides much 
of its symmetry but is closer to how the one- variable Jackson sum is normally written. 
Namely, we replace n in Theorem ^TT] by n + 1, eliminate i/n+i = N — {yi + ■ ■ ■ + y„) 
from the summation and write Zn+i = a~^q~^. Then the factor A{zqy)/A{z) is 
replaced by 

A(^g^) fV / ^H.I ^(^feg^V^n+lg'^''^^') ^ ^ A(zg^) " eiaqy-+\y\z,) 

A{z) ill^^ e{z,/z^+,) J A{z) ^ l\ e{aq^z,) " 



After changing variables aj t-^ bj, b \—> aq/c and using ( |3.5|) repeatedly, one obtains 
the following result. 

Corollary 5.2. If a?q^^^ = bi - ■ ■ bn+2CZi ■ ■ ■ z^, the following identity holds: 



r \ 

yi,-,yn>0 

^ TT IYj=li^j^k)yk \ _ ^NJT (Qg^fc)jV TT {aq/cbk)N 

(agi+^2;fe,agzfc/c)j,, ]X=i{qZk/ Zj)yJ {aqZk/c)N {aq/bk)^ ' 

By a continuation argument, it is possible to convert Theorem ETT] to a sum on a 
hyper-rectangle. When p = 0, this is ||M2| , Theorem 6.14], given in notation more 
similar to ours as | MN , Theorem A. 5]. The step from the simplex to the hyper- 
rectangle is then based on polynomial continuation (two polynomials that agree in 
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an infinite number of points are identical). In tlie elliptic case, we use the quasi- 
periodicity of the theta function to pass from an infinite set to a set having a limit 
point. (The same argument occurs in 



Corollary 5.3. //a^g^+l"^' = bcde, the following identity holds: 

_{dzk,ezk)y, ^ {q-"'^Zk/zj)y^ 
1 (ar 



\ (aqzk/b, aqzk/ c)y^ 1^ {qzk/ Zj)y^ 



(ag/crf, ag/6rf) -Q {aqzk,aqzk/hc) 



rrik 



{aq/d,aq/bcd)\m\ {aqzk/b,aqzk/c)mk' 
Proof. It is straightforward to check that the case b = q~^ of Corollary |5.3| is equi- 



valent to the case bj = q / zj, 1 < j < n, of Corollary |5.2| . Consider the function 

n 

fib) = YliaqZk/b,aqZk/c)m„iL - R), 



k=l 



where L and R denote the left- and right-hand sides of ( p^ , respectively, and where 
we view c = a^g^+'™'l/Me as depending on b while the other parameters are fixed. 
Then f{b) is analytic for b ^ 0, and zero for b = q~^ , N E N. Since, by (p.7|), we 
have that in general 

{Xpb,Xc/p)k = {c/pbf{\b,Xc)k, 
f is quasi-periodic in the sense that 



f{ph) = ic/pb^'^fib). 

It follows that the points b = p^q~\ A; G Z, Z G N are zeroes of /. Assuming that 
these points are all distinct, that is, that p'^ ^ for k, I E they have a limit 
point in C \ {0} (indeed, in any annulus of the form {z; pr < \z\ < r}) and we may 
conclude that / = 0. Since / depends analytically on p and q, this is true also if 
p'' = q\ as long as both sides of ( |5.3| ) are well-defined. □ 



6. An elliptic Dn Jackson summation 

In this section we give a Jackson-type summation formula for an elliptic hyper- 
geometric series on the root system Z)„. In the case p = 0, it is due to Schlosser 
|Scl| , Theorem 5.17]. As is discussed below, an essentially equivalent identity was 
independently found (still for p = 0) by Bhatnagar ||B2|| . 
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Theorem 6.1. The following identity holds: 

(6.1) yu...,yn>0 



IYk=i{bO'k,b/ak)N 

{<l)NUk=libZk,b/Zk)N' 



Proof. The proof is by induction on A^, similar to that of Theorem 

One easily checks that the case = 1 of (|6.1| ) is equivalent to ( [4.5|) . Assume 
that (|6.1|) holds for a fixed A^. Writing R for the right-hand side of (|6.1| ) when A^ is 
replaced by A^ + 1, we expand R using first the induction hypothesis and then the 
case A^ = 1 of (|6.1|) with Zk replaced with Zkq^'' and b with q^b. This gives 



R = i-q^b) 



N+l 



Y{ViO{q''hau,q''b/au) 



0{q''-'')m=iO{q''bzk,q''b/zk)' ^ ' (g)^ nLi(^^^> V^^) 



iV 



?/i,...,j/„>0 



^ ' yi+---+yn=N \ ^ ' l<j<k<n ^ ^ i^'Vo+yk 

yi,...,yn>0 



X 



X 



" ejq^+y^bzk, q'^-y^b/zk) q^'^'^zf Y[%l{zka,. Zk/a,)y, 
n ei^qNl,,^^ qNb/zk){bzk, q'-''zk/b)y, Y{%M^klz,)y, 

r A(zgf+^) -p-r 1 



xn 

k=l 



y I ^i^r ; TT ^ 

...,Xr^>0 

p)+yuxu^x^. YY^zlizkqy^a,, z^qy^/a,) 



{q^+y'bzk, qy^-^zk/b),^ Yr,=M'^"'^k/z,U 



Next we replace y hj y — x and perform the same simplifications as in the proof of 
Theorem f).l[ We also write 

e{q^-y^+''^b/zk) 1 q'^'-y^ 



9{q^b/zk) {q'-^Zk/b)y,.,, (qy^-^^-'^Zk/b),, {q-''zk/b)y, ' 
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This gives 



R 



1 



n 



' 2/i+ -+?/„=Af+l \ ^ ' l<j<k<n 

yi,-;yn>o 



n 

k=l 



X 



^bzk){bzk, q-^Zk/b)y^ U]=ii<lZk/ Zj)y, 



E n 



xiH \-x 

xi,...,a;„>0 



Xk 



Here, the inner sum is identical to the one in (O) and thus equals the right-hand 
side of (15.21). It follows that 



R 



E 



n 



yi+---+yn=N+l ^ ' l<j<k<n 
i/i,...,j/„>0 



which completes the proof. 



□ 



Next we rewrite Theorem |6.1| in analogy with Corollary |5.2| . This is, up to a change 



of variables, the form in which the case p = of Theorem |6.1| is given in fScl 



Corollary 6.2. The following identity holds: 



yi+--+yn<N \ ^ ^ k=l 

2/i,...,j/„>0 



A{zqy) ^eiazkqy'+\y^] 



9{azk) 



n 



n 



{zkbj,Zk/bj) 



Vk 



l<j<k<n 



{^j^k)yj+yk ■ j^^^ {(l^k/Zj)yi^ 



c,a'q''^'/c)\y\ 



^ TT i(^Zj)\y\i(^Q/Zj)\y 

Jl i(^(lbj,aq/bj)iyi YYj^^-^^{aqZk/c,q-^cZk/a,q^+^aZk) 



Vk 



{aqzk, aq/zk, aqbk/c, aq/bkCjN 
^J-^ (aqzk/c, aq/ ZkC, aqbk, aq/bk)N' 



n 



With exactly the same proof as for Corollary |5.3| , one may obtain an accompany- 
ing identity for a sum supported on a hyper-rectangle. When p = 0, this identity 
was found independently by Schlosser [^cl . Theorem 5.14] and Bhatnagar [B2, The- 
orem 7]. 
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Corollary 6.3. If a^q = bed, the following identity holds: 



mi,...,m„ 




X 



n 



k=l 

{azj)\y\{aq/zj)\y\^ 



{q '"'^Zk/zj,q"'^ZjZk) 



Vk 



^<j<k<n 



j,k=l 



{b, c, d) 



\y\ 



^J^ {aq^^"^^Zj,aq^ '^^ / Zj)\y\ Yll^^{aqzk/b,aqzk/e,aqzk/d)y^ 




n 



{aqzk, bzk/ a, ezk/ a, dzk/ a] 



L {zk/ a, aqzk/b, aqZk/ e, aqZk/ d)m^ ' 



Corollary |6.3| has been written in a form similar to how its special case p = 
is given in ||Scl|| . In ||B2|| , it is written down in a different way, which is obtained 
by reversing the order of summation. We give this version of Corollary |6]^ also in 
the elliptic case, since it is useful for applications, in particular for obtaining the 
Bailey-type transformations of Section p. 

Corollary 6.4. //a^g^^'*"' = bede, the following identity holds: 




azfcg^'=+l^l) ]\i<j<,k<ni(^<iZjZkle)y.+y^ " {q-^izk/z^) 



6{azk) 



Vk 



n 

j,k=i 



'Vk 



iQZk/zj] 



Uk 



X 



n 



{azj,e/zj)\y\ 



CZk, dZk)yf. 



{aq^+'^iZj)\y\{e/zj)\y\.y^ {aq/b,aq/c,aq/d)\y\ 
U.i<j<k<ni(^(l^j^k/ e)mj+mk YYk=i{aqZk, aqZk/be, aqzk/ce, agi+l'"!^'"^^ 



{aq/bce)\m\ 



JTtl 



{aq/d)\r 



which makes the right-hand side appear more symmetric. 



^CZk, 



■nik 



nj,fc=i(«?^i^fc/e)mfc (aq/b, aq/c, aq/bce)\^\ 

Note that using ( |3.(j| ) we may write 



7. An elliptic C„ Jackson summation 
Next we give an elliptic Jackson summation on the root system C„. In the case 



p = it was found independently by Denis and Gustafson |PG| , Theorem 4.1] and 
by Milne and Lilly | ML| , Theorem 6.13]. The general case was stated by van Diejen 
and Spiridonov ||DS3|| , who showed that it follows from an elliptic Selberg integral 
conjectured in ||DS2|| . They also used modular forms to prove that the Taylor expan- 
sion in logg of both sides agree up to order 10 (more precisely, this follows from the 
non-existence of cusp forms with weight less than 12). 
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Theorem 7.1. Ifa^q^'^^'^^ = bcde, one has the identity 



nil ,...,m' 



Biaz^zu) -LJ- iazi. I Za. nf, 

yi,...,yn=0 \ i<j<k<n 

{bzk,czk,dzk,ezk 



e{aZjZk) ^.-L (gzfc/ Zj, aq^+"'^ ZjZk)y^ 



X 



n {aqzk/b, aqzk/c, aqzk/d, aqzk/e)y^ 

_ IYj,k=ii(^1^j^k)mk {aq/bc, aq/bd,aq/cd)\m\ 

YYk=i{(^(l^k/bi O'QZk/ c, aqzk/ d, q ™fee/ azk)mk 

The method that we have used above for the root systems An and D„ fails for this 
Cn identity. The reason is that the sum does not involve any factors of the form {b)\y\, 
so we cannot convert it to a sum on a simplex \y\ < N. However, the absence of such 
factors allows one to employ a different method, namely, determinant evaluation. 

The idea to obtain multivariable hypergeometric summations from determinant 



evaluations is due to Gustafson and Krattenthaler |GK| and was further developped 



by Schlosser ||Sc2|l . Previously, no close relation has been known between sums coming 



from determinant evaluations and the Gustafson-Milne-type sums that are our main 

as a 



concern here. It may therefore seem surprising that we will obtain Theorem |7[T 
special case of a multivariable Jackson sum proved by Warnaar using determinant 
evaluation (his "first" summation mentioned in the introduction). In particular, it 
follows that the Denis-Gustafson-Milne-Lilly sum is a special case of the case p = 



of Warnaar's identity, which is due to Schlosser Pc2| , Theorem 4.2]. 



Warnaar's first Jackson summation may be written as 

'A{zqy) j-j- eiaz.zkqy^+y") 




(7.1) X n 



A(z) OiaZjZk) 

{azl, bzk, czk, dzk, ezk, q~^)yk 

L (g, aqZk/b, aqZk/c, aqZk/d, aqZk/e, aq^+^zl)y^ 

^ ZjZk) -TT {aqzl, aq'^~'' /be, aq"^'^ /bd, aq'^''^ / cd) N 



i<j<k<n ^(^^i^fc) fc=i {aqzk/b,aqzk/c,aqzk/d,q ^e/aZk)N 



where a?q^^ " = bcde. In |P^lj| , we used the case = 1 of this identity to prove 



Warnaar's conjectured "second" elliptic Jackson summation (different in nature both 
from ( |7. 1| ) and from the results of the present paper). We also remarked that the 
case iV = 1 of ( [7. 1| ) is equivalent to the case mj = 1 of Theorem [7.1| . We will prove 
Theorem ^[1] by combining this observation with the fact that the general case of 
Theorem [7.1| is equivalent to its special case when irij = 1. This may seem strange 
but is actually a common phenomenon: for instance, the summation formulas of 
Corollary ^]3| and Corollary |6.3| are also equivalent to their special case mj = 1. In a 
somewhat different context, this phenomenon was exploited in the proof of Theorem 
3.1 in 
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Proof of Theorem [7.1| . We first verify tfie claim made in ||R1|| tliat tlie case = 1 of 



[Ij) is equivalent to the case rrij = 1 of Theorem 
If we let iV = 1 in (17.11) and use (13.61) we obtain 




A(z) e(az.Zk) 



^ {aqzk/b, aqzk/c, aqzu/ d, aqzk/e)y^ 
^i<3<k<n 0{aqz,Zk) ^ e{aq^->'/bc, aq^-'/bd, aq^-^/cd) 



ni<j<fc<„^(«%^fc) fj^ 6{aqzk/b, aqzk/c, aqzk/d, q-'^e/azk)' 

where a'^q^~"' = bade. Next we put rrij = 1 in Theorem [7.1| and rewrite the left-hand 
side using the two identities 

m /i, {qzk/z,)y, ^ ' ^ A(z) ' 
-j-r eiaZjZkq^^+y") yr {aZjZk)y^ ^ -i-r e{aZjZkq^-y^~y'-) 

These are easily verified by writing 

n n 
j,k=l k=l l<j<k<n 

and then considering the four cases yj,yk = 0, 1 separately. Similarly, on the right- 
hand side we write 

Ulk=M^^l^k)l _ Ul<j<k<n^i(^9ZjZk) 




ni<i<fe<„(«?^i^fc)2 ni<i<fc<„ 0{aq^ZjZk) ' 



^izq-y) -p-r e{azjZkq^-y'-y''] 



n 



A(z) OiaZjZkq'^) 
^<j<k<n ^ 31^^) 

J-jL {aqzk/b, aqzk/c, aqzk/d, aqzk/e)y^ 

_ ni<i<fc<n^(ag^j^fc) -pr eiaq'/bc,aq''/bd,aq''/cd) 

lli<j<k<n^i(^q'^^j^k) 6{aqzk/b,aqzk/c,aqzk/d,q-^e/azk)' 

where a^g^"*"" = bcde. After the change of variables a 1— >■ ag^, q ^ q^^, this is ( [7.21 ). 
(Here we use that, since yk G {0, 1}, the elliptic Pochhammer symbols occurring in 
( [7. 3D do not depend on q for their definition.) 

Next we prove that (|7.3| ) implies the general case of Theorem TA. For this we 
replace n in (|7.3| ) by \m\ = nii + ■ ■ ■ + rUn and denote the parameters zj in ( [7l3|) by 
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Wj. We choose these parameters as (compare ||R2|| , where this type of choice turned 
up naturally) 

(7.4) {wi, . . .,W\m\) = {zi, qzi, . . .,q"^^~^zi, . . . , Zn, qzn, . . . ,q"^"~'^Zn). 
Then the factor A{wq~^) vanishes unless y is of the form 

(7.5) y = (C^, , . . . , q, . . . , , • • • , 0) , 0<x, <m,-. 



mi rrin 



We claim that if we rewrite (|7.3|) using the Xj as summation variables, we recover 
Theorem 

The single products in ( [7.3|) are easily handled using the obvious identities 

m\ n \ra\ n 

^ipWk)y^ = Ylibzk)^,, YlO{bwk) = Ylibzk)^,, 

k=l k=l k=l k=l 

As for the double products, we will prove that, for parameters related by ( |7.4| ) and 

:5D, 



„^ -TT 0{aWjWkq^ ^ y") ^ e{aZjZkq''^+'"') -A- (aZjZk) 



^<j<k<\m\ 



(7.7) 



(7. 



^ 

e{aWjWkq^) i</<fc<„ 0{aZjZk) ^.;^f^ (ag^+"'^%-2:fc)x. 



ni<i<fe<|m| 0{aq'^WjWk) Ul<j<k<ni(^(lZj^k)m,+m^ ' 

Assuming that these identities have been proved it is easily checked that our claim 
is correct, so that Theorem |7.1j follows. 

The left-hand sides of ( [7.6|) and ( [7.7| ) are both of the form 

■j-r f{wjq-y^,Wkq~y'') 

f(Wj,Wk) 

We decompose these products as ABC, where 

= TT ft TT /(^jg'"'^ ^fcg""') 

11 11 11 f(z.qt-\zkq''-^)' 

j,k=lu=lt=Xj+l ■' ^ ' ''^ ' 



B=u n 



k = l l<t<U<Xk ■' ^ ''^ ^ > 

TT TTTT /l^i'? ^^^q ) 

11 llll/(..gt-l gn-1)- 

Here we use the symmetry and antisymmetry, respectively, of / to collect the factors 
with yj 7^ y^ as in A. 
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In the case of ( |7.6| ), we have 

4 = n fr TT = rr yr OiazjZk(f^+^ 

1111 11 e(aZiZkq^+^) e(az,-2fcg™^+") 

j,k=lu=lt=Xj+l V J «^ / \ J K'd I 

The factor i? may be computed using the elementary identity 



11 U^^h\ 11 



which gives 

r7im R = TT n ^(^fl^^l!:!) = fr J^i^ 

^ ^ ^ Al 11 ^(a^2 ll(a^2 x,) • 

A:=l l<t<M<Xfc ^ ' k=l ^ ''^ '^^ 

Finally, C may be computed similarly as A: 

C- TT "rr Y\ ^(a^j^fcg*"^""^) _ tt -pj- 9{aZjZkq''~^,aZjZkq'') 

~ 11 1111 6'(a2.Zfc(7*+") ~ AA AA 5)(a2^ 
-j^-j^^j l<j<k<nu=l t=l V J '^"i / l<j<fc<nu=l ^ 1 '^^ ) J y 

Combining ( [TTUD and (|77[T| ) gives 

-p-r 9{aWjWkq'^'y^'y'') _ A (a2:jZfcg^+'^^%^ -p-r {aZjZkq)xk 

{aZjZk)xk 



X 



n 



To complete the proof of (|7.6| ), we must show that 

TT (g^j^fcg^+^'Qxfc TT {aZjZkq)xk TT («^j^fc)xfe 

/ii i</i<„ (a^.^.g^Ox. 1 Ji<„ {az,z,q^+^^),, 

-LJ- Oiaz^zu) ' 
i<i<fc<n ^ ' 

which is easily verified after writing 

-TT {aZjZkq^+''^)^^ ^ {aZjZkq^+'-'^)x^: -rr {aZjZkq^+'"')^^ 

(aZiZk)xi. {0'ZjZh)x, {0'ZjZh),j.. 

j,k=l ^ ^ '^'^^ l<j<k<n ^ ^ l<j<k<n ^ ^ '^'■^^ 



Equation ( [7. 71) may be proved in a similar way, and we do not give the details. The 
case p = 0, which is essentially the same, was done as part of the proof of Theorem 
3.1 in 
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To prove ( |7.^ ), we write the left-hand side as 



<t<u<'mk 



9{aq 



Hi 



<j<fc<[m,| 



6{aq'^WjWk] 



\ n, 



<t<u<mi^ 



n nn 



t+u-l 



ZjZk) 



l<j<k<n u= 



LAI e{aq'+-ZjZk) 



Here, the first part of the product may be computed using the identity 

Ul<,<k<nfij + k-l] 



Ul<j<k<nfU + k) 



k=l 



givmg 
(7.12) 



n 



n 



l<t<M<mfe 



e{aq 



t+u-l ^2 



Finally, the second part is given by 

l<j<k<nu=lt=l ^^^^ ^^^^> 



6{aq 



t + U y'i, 
^1. 



k=\ 



n 

l<j<fc<n 



[aqZjZk)ra^{aqZjZk) 



n n 

l<j<k<n u=l 
1 



k)mk- 



ZjZk) 



'^^'^iZjZk) 



ruk 



{aqZjZk, 



Combining ( [7. 121 ) and ( |7.13D we obtain ( |7.8| ). This completes the proof of Theo- 
rem □ 

8. Elliptic Bailey transformations 

As applications of our multivariable elliptic Jackson summations, we may obtain a 
host of multivariable Bailey transformations for elliptic hypergeometric series on root 
systems. It should be observed that the proofs are almost identical to those for the 
case p = given in ||BS| , |MN|| , since they mainly involve manipulation of Pochhammer 
symbols using the elementary identities (p^), ( p.5|) , (p.6|), which do not depend on p. 
The only difference is that one must replace polynomial continuation arguments by 
appealing to the quasi-periodicity, as in the proof Corollary |5.3| . There is therefore 
no need to give detailed proofs of these new elliptic Bailey transformations. Anyway, 
we sketch the proof of the first one to indicate to the reader what is involved; for the 
remaining ones we provide enough details so that the sufficiently interested reader 
should have no trouble checking the computations. 

We begin with a Bailey transformation for elliptic hypergeometric series on An. 
When p = 0, it is due to Denis and Gustafson |pC| , Theorem 3.1], who derived it 
by residue calculus from a multivariable integral transformation. It was rediscovered 
by Milne and Newcomb ||MJN| , Theorem 3.1], who used the method sketched below. 
A third proof was given in ||R2|| . (In ||MJN|| , it is erroneously claimed that the trans- 
formation in ||M1\I[| has one more free parameter than the one in |pC|] , whereas in 
fact the two results are equivalent. The reason for this mistake seems to be that in 
Theorem 3.1] one may multiply all the parameters Xi by a constant without 



MN 



changing the result. This causes the authors of ||MN|| to overestimate the number of 
free parameters in their identity.) 
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Corollary 8.1. Assuming a^g^"*'''"' = bcdefg and writing X = a^q/bce, the following 
identity holds: 



mi ,...,m. 



n 



{aqzk/b, aqzk/c, aqZk/d)y^ ^Al^ {qzk/zj)y^ 

a\ l™l (Ag//, Xq/g)\m\ A {aqZk,XqZk/d)^^ 
\) {aq/ f,aq/g)\m\ {XqZk,aqZk/d)^^ 

/ A(zg^) " glAz.g^'^+H) (A&/a, Ac/a, " (A^,),,, 



yi,...,y„=0 



^(^) fli ^(^^fc) («?/e, Ag//, Ag/^)|j,| (Agi+rn, 

^j)\y\ 



^ yj iXezk/aJzk,gzk)y, yj (g ""'Zk/zj), 
11 (ag2;fc/&, ag^r^/c, Xqzk/d)y^ ^11^ 

Proof. Let denote the sum on the left-hand side. We want to expand each term 
by identifying the factor 



^^)\y\ TT i^Zk)y^. 



n 



fj{ {aqzk/b,aqzk/c)y^ 



with a part of the right-hand side of ( |5.3| ). We must then replace the parameters 
{a,b, c, d, e,mk) in Corollary p73| with (X, Xb/a, Xc/a, Xe/a, aq^y^,yk)- This gives 



mi,...,m. 



" / A{zqy) A ^(az.g^^+IJ^I) (rf,a/A)|,| " (a^,)| 



^ AAi^^g-; -p-r t7|^u^fcg- ; [^u,u//\)\y\ -p-r 

A^r^ 11 n(n^,\ (nn/ f nn/n\, , i-i. 



y^q\y\ 



yi,...,yn=0 



{fzk,gzk)y^ -A- (g-'"^2;fc/zj)y^ 



^ TT U ^k, y^k)yk TT 

11 (ag^fc/ d, Xqzk)y, ^11^ (g2;fe/ 



^ / A(^g") -A g(Az,g"'-+l^-l) (Afe/a, Ac/a)|.| -A (A^:,),,., 



^ A (Aezfc/a^og^^fe)^ -pr (g y^Zk/zj)^^ 
11 (ag2;fc/6, ag^;^/ c)^, 11^ {qzk/ Zj)^^ 
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Replacing y by y + x and changing the order of summation gives, after some elemen- 
tary manipulations and an application of ( p.8| ), 



n 



X 



a\Fi-r-r {Xezk/a,fzk,gzk)xk A (g ""'Zk/zj)^^ 



(nn-y, h nn-yi In nn'y, rl\ A J. 



3 

mi—xi,...,m„—x 



yi,-,yn=o 



3- 



The condition bcdefg = a^g^^'"*' means that the inner sum is as in Corollary ^.3| , 
with {a,b,c,d,e,mk,Zk) replaced by {aq^''^,dq^''^,a/X, f,g,mk-Xa;,q'''=Zk). Using (|0| ) 
and the fact that dfg = aAg^"*"'™', the corresponding right-hand side of may be 
written as 



a\ IH-kl (Ag^+I^V/, Agi+I^V^)H_|.| " {aq^+\^\+^^Zk, Xq'+^^Zk/d) 
X) {aq^+^'-\/f,aq^+\-\/g)\mHx\ f-j {Xq'+^'^^+^'Zk,aq^+->^Zk/d)m,-x,' 



Some further elementary manipulations completes the proof. □ 



There is also a version of Corollary ^.11 for series supported on a simplex. It can 
be obtained either by a slight modification of the proof of Corollary using first 
Corollary |5.3| and then Corollary |5.2| , instead of using Corollary twice, or as a 



consequence of Corollary |8.1| , using a continuation argument similar to the proof of 



Corollary |5.3| . When p = 0, the resulting identity is [|MN] , Theorem 3.3]. 
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Corollary 8.2. Assuming o?q^^^ = hi - ■ ■ bn+2cdezi ■ ■ ■ Zn and writing X = a^q/cde, 
the following identity holds: 



^ Ajzqy) 9{azkqy'^\y\) jq-'' ,c,d)\y\ n;=i(«%)|y| 



3/1- 
yi,...,yn>0 



X 



JJ^ (agi+^Zfc, ag2;fc/c, aqzk/d)y^ Yl^Mzk/ Zj)y^ 



X 



n 



1 (Ag2fe)7vn"=f(«?/^i 



j/i,...,j/„>0 

JJ^ {Xq^+^Zk, aqzk/c, aqzk/d)y^ Il]=iiQZk/ Zj)y, 



In ||BS|| a number of C„ and Dn Bailey transformations were obtained by judi- 
ciously combining An, Cn and D„ Jackson summations, similarly as in the proof of 
Corollary |8]1|. Starting from the elliptic Jackson summations obtained in the present 
paper, the same method yields elliptic Cn and Dn Bailey transformations. The seven 
transformations given in ||B|j|| fall into three groups. We are content with writing 
down one representative from each group explicitly. 

Combining a C„ and a Dn Jackson summation, one may prove the following identity 
relating an elliptic iqWq series on C„ with a similar series on An- For p = it is 
Theorem 2.1 of pSj. 
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Corollary 8.3. Assuming that a^g^+l™' = bcdefg and writing X = a^q/hcd, the 
following identity holds: 



mi,...,m„ 



.„.i=o \^ i<M<. (gz./.„agi+™..,z,),. 



n. 



^ TT {^^k-, CZk, dZk, eZk, fZk, gZk)y^^ \y\ 

J-^A {aqzk/b,aqzk/c,aqzk/d,aqzk/e,aqzk/f,aqzk/g)y^^ ^ 

Ulk=M(l^j^k)m, {Xq/e,Xq/f, aq/ef)\m\ 

Yll=i{XqZk, aqzk/ e, aqzj,/ /, q '^'^g/ azk)mk 

mi,...,m 

X 

yi,...,yn=0 
n 

^J^{aqzk/b,aqzk/c,aqzk/d)y^ {qzk/zj)y^ 



/ ^jzqy) -A- g(Azfcg^''+l^l) (A6/a, Ac/g, Arf/a)|^| " (A2;,-)|j;| 



A(z) 11 ^(Az,) (Ag/e, Ag//, Ag/(7)|,| J-j^ (Agi+^.z,),,, 

n yezk, fzk,gzk)y^ T-T iq^"^'Zk/zj)y^ 
(nn-y, ih nn-y. In nn-y, I rl\ AA 

j,k=l 

Using ( p.6| ) one may write 

which makes the right-hand side appear more symmetric. Note also that, since the 
left-hand side of Corollary |8.3| is invariant under interchanging d and g, this must be 



true also for the right-hand side. This fact is equivalent to Corollary |8.1| , which may 
thus alternatively be derived as a consequence of Corollary |8.3| . 
To prove Corollary ^.3|, one may use the case 



{a,b,c,d,Zk,mk) ^ {X/^/a, Xb/a,Xc/a, Xd/ a,y/azk,yk) 
of Corollary |6.3| to expand the factor 

TT {bZk,CZk,dZk)y^ 

J-j^ {aqzk/b, aqzk/c, aqzk/d)y^ 
on the left-hand side. After changing the order of summation as in the proof of 



Corollary the inner sum may be computed using Theorem [7!1 . 

Next we give a Dn Bailey transformation which may be obtained by using a Z)„ 
Jackson summation twice. For p = it is equivalent to ||BS| , Theorem 3.1]. 
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Corollary 8.4. Assuming a q = bcdef and writing X = a q/bcd, the following 
identity holds: 



mi,...,m„ 



i)\y\-y] 



E 



{q-''"'^Zk/zj,q'^^ZjZk)r 



n (nn^- 



{aqZjZkl d)y^+y^^ 



.-LJ- {qzk/zj,aqZjZk/d) 



X 



n 



{bzk,czk] 



Vk 



(e,/) 



2/1 



L {aqzk/e,aqzk/ f)y^ {aq/h,aq/ c)\y\ 



-Q (agzfc, Zfc/A, \qzk/e, Xqz^j f) 



^^{XqZk,Zk/a,aqZk/e,aqZk/f)mk ^ ^C^'' 



X 



n 



n 



yi,...,y„=0 

\y\-y] 



e{Xzu) 



n 



n 



fe=i 

{q-"'^Zk/zj,q'^^ZjZk)y^ 



X 



LI (Agi+'".2;^.,Agi ^.;^fi {qZk/ Zj , aqZjZk/ d)y^ 

n {aqZjZk/d)y^+y^ -pr (A6zfc/a, Ac2:fc/a)^^ (e, 



l<j<A:<n 



{zjZk)y^+y^: fj^ {XqZk/e, Xqzk/f)y, {aq/b, aq/c)\y\ 



At a first glance, PS| , Theorem 3.1] appears to have one more free parameter than 



Corollary O, but, as noted in ||BS| , Remark 3.3], one may specialize one parameter 
in that result without loss of generality. 

To prove Corollary p.4| one may use the case 



(a, 6, c, (i, e, m^) (A, A6/ a, Ac/ a, ag'^' ,Xd/a, yu) 



of Corollary |6.4| to expand the factor 



Ui<j<k<ni(^(l^j^k/d)y^+y, ULiibzk, czk, dq\y\-y^/zk)y. 



Ulk=ii(^1^j^k/d) 



yk 



{aq/b, aq/c)\y\ 



Proceeding as in the proof of Corollary |8]1| calls for an application of Corollary |6.3| 
in the last step. 

By a continuation argument, one may obtain a companion identity to Corollary 



where the sum is over a simplex \y\ < N. We do not write it out explicitly; the 
case p = is Theorem 3.7 of PS| . 



Another class of Dn Bailey transformations may be obtained by combining an 
An and a Dn Jackson summation. An example is the following identity, which is 
equivalent to Theorem 3.13 of |[BS|| when p = 0. 
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Corollary 8.5. Assuming that a^q^ = bcdef and writing X = a^q/hcf , the following 
identity holds: 



mi ,...,m. 



^ " / /\{zqy) A e{azkqy^+\y\) yr 1 fV {q-^^^z^/z,, q"'^z^Zk)y, 

A(.\ 11 ftfn^A 11 (^.^A , 11 



yu—=0 V tl ^^^'^^ l<t<k<n /,f, 

^ TT (a^i)|i/|(Qg/%)M-y, (&,c,d,e)|^| -A- (/^fc)y, ^\y\ 

11 (agi+'":'Zj,agi-'^j7^i)|y| f)\y\ {aqzk/h,aqzk/ c,aqzk/ d^aqzk/ e)y^^ 

n jaqzk, Zkl A, Xqzkl d, Xqzk/ e)^^^ '"i-::^" / -A- 6'(A2;fcg^'=^'^') 



iXqZk,Zk/a,aqZk/d,aqZk/e)mk _A ^{z) fJ- 9{Xzk) 

TT 1 fj {q~"''Zk/zj,q'^^ZjZk)y^ ^ {XZj)\y\{XqlZj)\y\_y. 

11 (■y.-yA . 11 (ny,ly.\ 11 



^ {Xb/a,Xc/a,d,e)\y\ -A- {Xfzk/a)y,^ Ij^I 

{(^(ll f)\y\ [aqzkjh.aqzkl c.XqZkl d.XqZkl e)y^^ 

To prove this one may use the case (a, 6, c, e, m^) t— (A, A6/a, Ac/a, A//a, ag'^', 
of Corollary |5.3| to expand the factor 



Vk 



i(^<l/f)\y\ i=i {aqzk/b,aqzk/c)y^ 

on the left-hand side. The same method as before leads to a sum that is computed 
by Corollary |6.3| . 

In [pS[] , three companion identities to the case j9 = of Corollary |8.5| are given. 
One of these ||BS| , Theorem 3.9] is the equivalent identity obtained by reversing the 
order of summation, the other two PS| , Theorem 3.11 and Theorem 3.16] (which 
are not equivalent) are continuations of the first two to the simplex. Again, these 
three identities are easily extended to the elliptic case, but we do not write them out 
explicitly. 
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